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Abstract
Let K be a p-adic ﬁeld, R the valuation ring of K; and P the maximal ideal of R: Let YDR2
be a non-singular closed curve, and Ym its image in R=P
m  R=Pm; i.e. the reduction modulo
Pm of Y : We denote by C an standard additive character on K : In this paper we discuss the
estimation of exponential sums of type Smðz;C; Y ; gÞ :¼
P
xAYm CðzgðxÞÞ; with zAK; and g a
polynomial function on Y : We show that if the p-adic absolute value of z is big enough then
the complex absolute value of Smðz;C; Y ; gÞ is Oðqmð1bðf ;gÞÞÞ; for a positive constant bðf ; gÞ
satisfying 0obðf ; gÞo1:
r 2002 Elsevier Science (USA). All rights reserved.
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1. Introduction
In this paper we shall discuss the estimation of exponential sums along p-adic
curves. More precisely, let K be a p-adic ﬁeld, i.e. a ﬁnite algebraic extension of Qp;
the ﬁeld of p-adic numbers. Let R be the valuation ring of K ; P the maximal ideal of
R; and %K ¼ R=P the residue ﬁeld of K : The cardinality of %K is denoted by q; thus
%K ¼ Fq: For zAK ; vðzÞAZ,fþNg denotes the valuation of z; and jzj ¼ qvðzÞ its
absolute value. We ﬁx a uniformizing parameter p for R:
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We set X :¼ Rn as p-adic analytic variety of dimension n; and
Xm :¼ R=Pm  R=Pm ? R=Pm ðn factorsÞ:
Let ZDX be a closed subset. We denote by Zm the image of Z in Xm; Zm is named
the reduction modulo Pm of Z:
Let C be an standard additive character on K : Thus for zAK ;
CðzÞ ¼ expð2piTr K=QpðzÞÞ;
where Tr denotes the trace function.
Let Y be a closed analytic subset of X ; i.e. a closed subset which is locally the
common locus of zeroes of a ﬁnite number of K-analytic functions. We deﬁne
Smðz;C; Y ; gÞ :¼
X
xAYm
CðzgðxÞÞ; ð1:1Þ
where zAK ; m ¼ vðzÞ^1; and gðxÞ is a non-zero analytic function on Y :
In this paper we discuss the estimation of exponential sums of type (1.1), in the
case of Y is a plane non-singular curve, however, the reduction modulo P of Y ; i.e.
Y1; may be a singular curve. In this case, for jzj big enough, we obtain an estimation
of type
jSmðz;C; Y ; gÞjC%AðK ; f ; gÞqmð1bðf ;gÞÞ; ð1:2Þ
where jxjC denotes the absolute value of a complex number x; and AðK ; f ; gÞ; bðf ; gÞ
are positive constants, with 0obðf ; gÞo1 (cf. Theorem 3.1).
Character sum estimates of Weil-type has a long history especially summing over
points on a curve deﬁned over a ﬁnite ﬁeld [9,1]. A generalization of the results of the
Weil and Bombieri to p-adic lifting of points over ﬁnite ﬁelds has been obtained by
Kumar et al. [4], Li [5], and Voloch–Walker [8,7]. More precisely, the mentioned
works contain estimates of the form
jSðz;C; Y ; gÞjC%Bpmq
1
2; ð1:3Þ
where
Sðz;C; Y ; gÞ :¼
X
xAY1
CðzgðxÞÞ; ð1:4Þ
m ¼ vðzÞ; q ¼ pn; and B is a constant depending on the function ﬁeld of Y : The
above estimate is good when n is large comparing m: Our main result consider the
case in which n is small comparing m:
In the case of Y ¼ Rn; Igusa developed a complete theory for the exponential sums
of type (1.1) (see e.g. [3,2]). For other analytic varieties no known results are
available, as far as the author knows.
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2. Preliminary results
In this section, to seek completeness, we collect some results that it will be used in
the next sections.
2.1. Serre’s measure
Suppose that YDX is non-singular closed analytic subset of dimension d
everywhere. The canonical immersion of Y in X induces on Y a canonical measure
mY ; completely analog to volume measure of the real case. If
I ¼ fi1; i2;y; idg
with i1oi2o?oid is a subset of d elements of f1; 2;y; ng; we denote by oY ;I
the differential form induced on Y by dxi14dxi24?4dxid and by aY ;I the
measure corresponding to oY ;I : Then the canonical measure aY is deﬁned
as follows:
aY :¼ sup
I
faY ;Ig;
where I runs through all subsets of d elements of f1; 2;y; ng (cf. [6]).
If Y is singular, i.e. if Y is a closed analytic subset of X of dimension %d; we
denote by Y reg the set of points on which Y is smooth of dimension d: The canonical
measure aY is deﬁned on Y reg as a bounded measure (cf. [6]). This allows us deﬁne
the canonical measure in the singular case by
aY ðAÞ :¼ aY regðA-Y regÞ for any ADY :
In [6] Serre showed that if Y is closed non-singular analytic submanifold of
dimension d everywhere, then for m big enough, it holds that
CardðYmÞ ¼ aY ðYÞqmd : ð2:1Þ
Let x0 be a ﬁxed point of Ym: The proof of (2.1) was accomplished by showing
that
aY ðfuAY j u 
 x0 mod pmgÞ ¼ 1
qmd
; ð2:2Þ
for m big enough (cf. [6, p. 347]).
The following proposition follows directly from (2.2).
Proposition 2.1. Let YDX be a non-singular closed analytic curve, z ¼ pmuAK;
uAR: Then for jzj big enough, it holds that
Smðz;C; Y ; gÞ ¼ qm
Z
Y
CðzgðxÞÞaY ðxÞ: ð2:3Þ
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For Y singular, we do not know if there exists a relation between Smðz;C; Y ; gÞ
and
R
Y
CðzgðxÞÞaY ðxÞ:
2.2. Non-archimedean implicit function theorem
A series
gðxÞ ¼
X
i
cix
iAK ½½x; x ¼ ðx1; x2;y; xnÞ
is named a special restricted power series, abbreviated as SRP, if f ð0Þ ¼ 0; and
ciAPjij1; jij ¼ i1 þ i2 þ?þ in; for all ia0 in Nn: This clearly implies that f ðxÞ in
R½½x: Furthermore f ðxÞ is convergent at every aARn:
Lemma 2.1 (Igusa [3, Theorem 2.2.1], Implicit Function Theorem). ðiÞ If
Fiðx; yÞAR½½x1;y; xn; y1;y; ym;
Fið0; 0Þ ¼ 0 for all i ¼ 1;y; m; Fðx; yÞ ¼ ðF1ðx; yÞ;y; Fmðx; yÞÞ and further
@ðF1;y; FmÞ
@ðy1;y; ymÞð0; 0Þc0 mod p;
in which
@ðF1;y;FmÞ
@ðy1;y;ymÞ is the Jacobian determinant of the square matrix of size m  m with
@Fi
@yj
as its ði; jÞ-entry. Then there exists a unique f ðxÞ ¼ ðf1ðxÞ;y; fmðxÞÞ with every
fiðxÞ in R½½x satisfying fið0Þ ¼ 0; and Fðx; f ðxÞÞ ¼ 0: ðiiÞ If every Fiðx; yÞ is an SRP
in x1;y; xn; y1;y; ym; then every fiðxÞ is an SRP in x1;y; xn: Furthermore if
a is in Rn; then f ðaÞ is in Rm and Fða; f ðaÞÞ ¼ 0; and if ða; bÞ in Rn  Rm satisfies
Fða; bÞ ¼ 0; then b ¼ f ðaÞ:
2.3. Exponential sums along parametric curves
If A is open and compact set containing the origin and h : A-R2 is an analytic
mapping of the form
hðtÞ ¼ ðt; ZðtÞÞ; with ZðtÞ ¼ amtm þ
XN
j¼mþ1
ajt
j ; m^1; and ama0: ð2:4Þ
We call the set
Vh;AðRÞ :¼ fðt; ZðtÞÞ j tAAg; ð2:5Þ
a parametric curve at the origin.
Given a differential form dx; we denote by jdxj the corresponding Haar measure,
normalized such a way that the volume of R is 1.
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If Vh;AðRÞ is a parametric curve and g a non-zero analytic function deﬁned on an
open set U containing A; we deﬁne
mðh; gÞ :¼ ordtðgðt; ZðtÞÞ  gð0; 0ÞÞ:
If gð0; 0Þ ¼ 0; the number mðh; gÞ is the intersection multiplicity at the origin of the
analytic curves Vh;AðRÞ; and Vg;UðRÞ: In general mðh; gÞ^multðh; gÞ; where multðh; gÞ
denotes the multiplicity of intersection of the analytic curves Vh;AðRÞ; and Vg;UðRÞ:
Given a real number x; we denote by ½x the largest integer satisfying ½x% x:
Lemma 2.2. Let Vh;Pl ðRÞ be a parametric curve of type (2.5), gðx; yÞ a non-constant
analytic function such that gðt; ZðtÞÞ ¼ gð0; 0Þ þ tmðh;gÞaðtÞ; að0Þ ¼ c0AK; and z ¼
upmAK ; uAR: If l^½mvðc0Þmðh;gÞ  þ 1; then
jSmðz;C; Vh;Pl ðRÞ; gÞjC%q
mð1 1mðh;gÞÞþ
vðc0Þ
mðh;gÞ;
for jzj big enough.
Proof. By Proposition 2.1, for jzj big enough
Smðz;C; Vh;Pl ðRÞ; gÞ
can be expressed as an integral with respect to Serre’s measure as follows:
Smðz;C; Vh;Pl ðRÞ; gÞ ¼ qm
Z
V
h;Pl
ðRÞ
Cðzgðx; yÞÞaV
h;Pl
: ð2:6Þ
By using the fact that Vh;AðRÞ is a parametric curve, we have that
Smðz;C; Vh;Pl ðRÞ; gÞ ¼ qm
Z
Pl
Cðzgðt; ZðtÞÞÞjdtj: ð2:7Þ
We put
gðt; ZðtÞÞ ¼ gð0; 0Þ þ tmðh;gÞaðtÞ; ð2:8Þ
with að0Þ ¼ c0AK:
The integral in (2.7) admits the following expansion:
Smðz;C; Vh;Pl ðRÞ; gÞ
¼ qmCðzgð0; 0ÞÞ
XN
j¼l
qj
Z
R
Cðzpjmðh;gÞaðpj tÞÞjdtj: ð2:9Þ
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If l^max½mvðc0Þmðh;gÞ  þ 1^vðc0Þ þ 1; it holds that
vðaðpj tÞÞ ¼ vðc0Þ; for every tAR; and j^l ð2:10Þ
and
Cðzpjmðh;gÞaðpj tÞÞ ¼ 1; for every tAR; and j^l: ð2:11Þ
Therefore from (2.9)–(2.11), it follows that
jSmðz;C; Vh;Pl ðRÞ; gÞjC ¼ qml%q
mð1 1mðh;gÞÞþ
vðc0Þ
mðh;gÞ: & ð2:12Þ
3. Exponential sums along non-singular curves
In this section we discuss the estimation of exponential sums of type (1.1) along
non-singular curves.
Let f :U-K be an analytic function on an open and compact neighborhood
UDK2 of a point ðx0; y0ÞAK2: By an K-analytic curve at ðx0; y0Þ; we mean an
analytic set of the form
Vf ;UðKÞ ¼ fðx; yÞAU jf ðx; yÞ ¼ 0g: ð3:1Þ
We set Vf ;UðRÞ :¼ Vf ;UðKÞ-R2:
Let W be an open and compact set containing the origin, and Vf ;W ðKÞ an analytic
curve at the origin, such that the origin is a smooth point, i.e.
f ðx; yÞ ¼ ax þ by þ ðhigher order termsÞ; aa0 or ba0: ð3:2Þ
Since f ðx; yÞ is a convergent series, by multiplying it by a non-zero constant c0AR;
we may suppose that f ðx; yÞAR½½x; yWP½½x; y:
We deﬁne
Lðf ; ð0; 0ÞÞ :¼ minfvðaÞ; vðbÞg; ð3:3Þ
with a; b as in (3.2). The Jacobian criteria implies that Lðf ; ð0; 0ÞÞ ¼ 0 if and only if
the origin is a non-singular point of the reduction modulo p of f ðx; yÞ: If
Lðf ; ð0; 0ÞÞ ¼ vðbÞa0; by making a change of coordinates of the form x ¼ pvðbÞþ1x0;
y ¼ pvðbÞþ1y0; we get that f ðpvðbÞþ1x0; pvðbÞþ1y0Þ ¼ p2vðbÞþ1f˜ðx0; y0Þ with Lðf˜; ð0; 0ÞÞ ¼ 0:
Furthermore f˜ðx0; y0Þ is an SRP.
Lemma 3.1. Let Vf ;PlPl ðRÞ be an analytic curve at the origin, such that the origin is
a smooth point, and g an analytic function such that gjV
f ;PlPl ðRÞa0; with gð0; 0Þ ¼ 0:
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There exist constants CðK ; f ; gÞ; gðf ; gÞ such that if l^½mgðf ;gÞmðf ;gÞ  þ 1; then
jSmðz;C; Vf ;PlPl ðRÞ; gÞjC%Cðf ; gÞq
mð1 1mðf ;gÞÞ;
for jzj big enough.
Proof. We assume without loss of generality that f ðx; yÞAR½½x; yWP½½x; y; and
that Lðf ; ð0; 0ÞÞ ¼ vðbÞ^1: Suppose that and
gðx; yÞ ¼ gDðx; yÞ þ ðhigher order termsÞ;
with gDðx; yÞ a homogeneous polynomial of degree D: By Proposition 2.1, for jzj big
enough
Smðz;C; Vf ;PlPl ðRÞ; gÞ
can be expressed as an integral with respect to Serre’s measure as follows:
Smðz;C; Vf ;PlPl ðRÞ; gÞ ¼ qm
Z
V
f ;Pl
ðRÞ
Cðzgðx; yÞÞaV
f ;Pl
: ð3:4Þ
By making a change of coordinates of the form x ¼ pvðbÞþ1x0; y ¼ pvðbÞþ1y0 in (3.4),
and assuming that l^m þ 1^Lðf ; ð0; 0Þ þ 1; we have that
Smðz;C; Vf ;PlPl ðRÞ; gÞ
¼ qvðbÞ1SmðzpDðvðbÞþ1Þ; Vf n;PlvðbÞ1PlvðbÞ1ðRÞ; gnÞ; ð3:5Þ
where
f nðx0; y0Þ ¼ p2vðbÞþ1f ðpvðbÞþ1x0; pvðbÞþ1y0Þ
is an SRP, and
gnðx0; y0Þ ¼ pDðvðbÞþ1ÞgðpvðbÞþ1x0; pvðbÞþ1y0Þ:
Since
Lðf n; ð0; 0ÞÞ ¼ 0;
it holds that
@f nðx0; y0Þ
@y0
ð0; 0Þc0 mod p:
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Thus, by implicit function theorem (see Lemma 2.1) Vf n;PlvðbÞ1PlvðbÞ1ðRÞ is a
parametric curve, i.e. there exists an SRP function hðtÞ such that
Vf n;PlvðbÞ1PlvðbÞ1ðRÞ ¼ fðt; hðtÞÞjtAPlvðbÞ1g: ð3:6Þ
Now, we set gnðhðtÞÞ ¼ tmðf ;gÞbðtÞ; with bð0Þ :¼ gðf ; gÞAK: The result follows from
(3.5), and (3.6) by Lemma 2.2. &
We note that the previous lemma is valid if gð0; 0Þa0: Indeed, if gðx; yÞ ¼
gð0; 0Þ þ g0ðx; yÞ; with g0ð0; 0Þ ¼ 0; then
Smðz;C; Vf ;PlPl ðRÞ; gÞ ¼ Cðzgð0; 0ÞÞSmðz;C; Vf ;PlPl ðRÞ; g0Þ:
Given a non-constant polynomial f ðx; yÞAR½x; y; we deﬁne for every non-singular
point PAVf ðRÞ ¼ fðx; yÞAR2jf ðx; yÞ ¼ 0g; the number
Lðf ; PÞ :¼ min v @f
@x
ðPÞ
 
; v
@f
@y
ðPÞ
  
:
This deﬁnition generalizes that given in (3.3).
Proposition 3.1. Let f ðx; yÞAR½x; y be a non-constant polynomial, such that Vf ðRÞ
does not have singular points on R2: There is a positive constant cðf Þ; depending only
on f such that
Lðf ; PÞ%cðf Þ; for all PAVf ðRÞ:
Proof. By contradiction, we suppose that Lðf ; PÞ is not bounded on Vf ðRÞ: So there
is a sequence ðQiÞiAN of points of Vf ðRÞ satisfying lim Lðf ; QiÞ-N; when i-N:
Since Vf ðRÞ is a compact set, the sequence Qi; has a limit point %QAVf ðRÞ: But %Q
is a singular point of Vf ðRÞ; contradiction. &
The numbers Lðf ; PÞ were introduced by A. Ne´ron and they appear naturally in
the computation of several p-adic integrals (see [10,11] and the references therein).
Given two non-zero polynomial functions f ðx; yÞ; gðx; yÞ with coefﬁcients in R;
such that gð0; 0Þ ¼ f ð0; 0Þ ¼ 0; we deﬁne
sf ðgÞ :¼ sup
PAVf ðRÞ
fmultPðf ; gÞgANWf0g: ð3:7Þ
Theorem 3.1. Let f ðx; yÞ; gðx; yÞAR½x; y; be non-zero polynomials, with gð0; 0Þ ¼
f ð0; 0Þ ¼ 0: If the curve Vf ðRÞ is non-singular, then there exists a constant AðK ; f ; gÞ
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such that
jSmðz;C; Vf ðRÞ; gÞjC%AðK ; f ; gÞq
mð1 1sf ðgÞÞ;
for jzj big enough.
Proof. We set a positive integer l ¼ m þ 1^cðf Þ þ 1; where cðf Þ is the constant
whose existence was established in Proposition 3.1.
The compact set Vf ðRÞ admits the following covering:
Vf ðRÞ ¼
[r
i¼0
Vf ;DiðRÞ ð3:8Þ
with
Vf ;DiðRÞ :¼ Vf ðRÞ-ðxi; yiÞ þ Pl  Pl ; ð3:9Þ
and Qi ¼ ðxi; yiÞAVf ðRÞ; i ¼ 1;y; r: Because each Vf ;Di ðRÞ is an analytic curve at
ðxi; yiÞ; it follows from covering (3.8) that
jSmðz;C; Vf ðRÞ; gÞjC%
Xr
i¼1
jSmðz;C; Vf ;Di ðRÞ; gÞjC: ð3:10Þ
By applying Lemma 3.1 in (3.10), we have
jSmðz;C; Vf ðRÞ; gÞjC%
Xr
i¼1
Ciðf ; g; KÞq
mð1 1mQi ðf ;gÞ
Þ
: ð3:11Þ
The result follows from (3.11) by observing that maxif1 1mQi ðf ;gÞg%ð1
1
sf ðgÞÞ: &
Let
f ðxÞ ¼ a0
Yr
i¼1
ðx  aiÞei
 !
QðxÞAK ½x
be a non-constant polynomial in one variable, and QðxÞ an irreducible polynomial
of degree greater or equal two.
We put
sðf Þ :¼ max
i
feig: ð3:12Þ
The following corollary follows immediately from Theorem 3.1.
Corollary 3.1. Let f ðxÞ be a non-constant polynomial in one variable. Then with the
above notation, it holds for jzj big enough that
X
xARm
Cðzf ðxÞÞ


C
%AðK ; f ; gÞqmð1
1
sðf ÞÞ: ð3:13Þ
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